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The  findings  in  this  report  are  not  to  be  construed  as  an  official 
Department  of  the  Amy  position,  unless  so  designated  by  other  authorized 
documents.  
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research  findings  of  a three  year  period  of  G.  B.  Gustafson  and  the  author  in 
the  areas  of  ordinary  and  partial  differential  equations  (linear  and  nonlinear 
theory) . In  particular  the  results  obtained  are  concerned  with  properties  of 
Green's  functions  and  matrices  defined  by  linear  differential  operators  and  their 
implication  to  the  study  of  nonlinear  problems,  with  existence  theory  for  periodic 
solutions  of  systems  of  nonlinear  ordinary  and  elliptic  partial  differential 
equations,  with  nonlinear  boundary  value  problems  of  Dirichlet  and  Neumann  type 
for  elliptic  partial  differential  equations,  with  properties  of  nonlinear 
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diffusion  equations  such  as  the  existence  of  maximal  and  minimal  solutions 
of  initial-  and  initial  boundary  value  problems  and  connectedness  properties 
of  solution  sets,  and  finally  with  abstract  coincidence  and  fixed  point 
theorans  which  lend  themselves  to  the  study  of  nonlinear  problems  for 
differential  equations . 
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THE  FINDINGS  IN  THIS  REPORT  ARE  NOTTO  BE 
CONSTRUED  AS  AN  OFFICIAL  DEPARTMENT  OF 
THE  ARMY  POSITION,  UNLESS  SO  DESIGNATED 
BY  OTHER  AUTHORIZED  DOCUMENTS. 


During  the  period  covered  by  this  report  22  research  papers  (the  items  listed 
in  the  bibliography  of  this  report)  have  been  witten  by  G.  B.  Gustafson  and  this 
author  (some  of  them  jointly  with  others  who  were  not  supported  by  the  three 
grants).  Our  research  has  mainly  been  concerned  with  certain  qualitative  aspects 
of  the  theory  of  nonlinear  ordinary  and  partial  differential  equations  (of  elliptic 
or  parabolic  type)  and  with  abstract  fixed  point  and  coincidence  theorems  which 
lend  themselves  to  stu^  the  mentioned  aspects  of  nonlinear  differential  equations. 
The  research  results  obtained  are  discussed  in  the  following  categories: 

(a)  Fixed  point  and  coincidence  theorems  for  nonlinear  operator  equations. 

(b)  Ranges  of  nonlinear  operators  and  applications  to  boundary  value  problems 
for  equations  with  noninvertible  linear  part. 


(c)  Bomdary  value  problems  for  and  periodic  solutions  of  nonlinear  elliptic 
partial  differential  equations. 

(d)  Results  for  nonlinear  parabolic  partial  differential  equations. 

(e)  The  study  of  coupled  systems  of  nonlinear  ordinary  differential  equations. 

(f)  Conjugacy  results  for  linear  equations  with  positive  matrices. 

(g)  The  study  of  Green's  functions  for  linear  ordinary  differential  equations  with 
applications  to  nonlinear  problems. 

(h)  The  study  of  conjugacy  functions  for  higher  order  equations. 

We  now  proceed  to  describe  the  results  obtained. 

(a)  Fixed  point  theorems  have  been  obtained  for  nonzero  solutions  of  coupled 
operator  equations  which  are  of  the  type  of  Krasnosel'skii's  conpression  and 
expansion  theorems.  (POJ).  These  results  are  used  together  with  a classical 
Galerkin  method  to  study  numerical  computation  of  solutions  of  the  nodal  problem 
for  sub  and  super  linear  equations  ([4]). 

In  studying  equations  of  the  form  Lx  «•  Nx  where  L is  an  invertible 
linear  operator  many  classical  fixed  point  theorems  are  available,  in  [15],  [17] 
we  consider  the  case  idiere  L is  not  necessarily  invertible  but  a Fre^olm  map 
of  index  zero  and  obtain  extensions  of  some  of  the  classical  fixed  point  resxilts, 
such  as  Rothe's,  Altman's  and  Krasnosel'skii's.  These  results  are  applied  to 
several  situations  where  periodic  solutions  of  nonlinear  equ*tions  are  of  interest. 
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(b)  In  [1]  and  [16]  we  consider  nonlinear  ordinary  differential  equations  with 
noninvertible  linear  part  and  nonlinearities  which  are  not  linearizable  (such 
as  switches,  etc.)  and  study  bifurcation  phenomena  and  surjectivity  results  for 
such  operators. 

(c)  The  papers  [18],  [20],  [21]  are  concerned  with  nonlinear  elliptic  partial 
differential  equations  and  boundary  value  problems  for  such  problems.  In  [21] 
we  obtain  sufficient  conditions  in  order  that  a nonlinear  Schrbdinger  equation 
have -periodic  solutions.  In  [20]  we  show  how  to  obtain  existence  results  for 
boundary  value  problems  for  partial  differential  equations  by  ordinary  differen- 
tial equations  techniques,  in  particular  we  shoiv  that  the  "method  of  lines" 
works  in  obtaining  existence  results.  In  [20]  we  survey  the  literature  on 
Nagumo  type  i^per  and  lower  solution  results  for  elliptic  partial  differential 
equations  and  show  how  these  results  may  be  used  to  study  nonlinear  eigenvalue 
problems  and  maximal  and  minimal  solutions  of  such  problems. 

(d)  The  problem  of  finding  invariant  sets  for  nonlinear  diffusion  equations 
is  ein  important  one.  In  [5],  [6],  we  give  sufficient  conditions  in  order  that 
certain  convex  sets  be  invariant  for  solutions  of  initial  boundary  value 
problems.  We  also  study  connectedness  properties  of  the  solution  set  and 
obtain  maximal  and  minimal  solutions  of  such  problems. 

(e)  In  [14]  we  present  a theory  for  the  existence  of  periodic  solutions  of 
coupled  systems  of  second  order  nonlinear  ordinary  differential  equations  which 
inqjlies  many  results  obtained  during  the  past  two  decades.  [22]  presents  a 
theory  of  boundary  value  problems  for  infinite  systems  of  ordinary  differential 
equaticms  which  are  defined  in  some  convex  set  of  a Banach  space  and  exhibit 
the  delicate  interplay  betvreen  the  geometry  of  the  underlying  Banach  space  and 
the  nonlinearities  involved. 

(f)  Coupled  systems  of  the  form  x"  ♦ A(t)x  = 0,  where  A(t)  is  a positive 
matrix  are  inportant  in  many  applications  of  differential  equations.  In  [20] 
we  present  a conjugacy  theory  for  such  equations  which  is  based  on  the  famous 
spectral  theory  for  positive  operators  of  Krein  and  Rutman.  Applications  to 
bifurcation  problems  for  nonlinear  problems  are  obtained  as  a biproduct. 

(g)  The  research  finding  of  papers  [2],  [3],  [7],  [8]  and  [11]  are  concerned 
with  multipoint  boundary  value  problems  for  linear  and  nonlinear  higher  order 
differential  equations,  particularly  with  questions  of  existence,  uniqueness, 
integral  representation  of  solutions,  continuous  dependence  of  integral  kernels 
(Green's  functions)  and  continuous  dependence  on  given  data. 

(h)  The  papers  [12]  and  [13]  are  concerned  with  higher  order  equations  (linear 
ordinary).  Explicit  coefficient  criteria  for  the  comparison  of  solutions  of 
linear  (or  nonlinear)  equations  are  given.  TTie  results  are  modelled  after  the 
Sturm  theory  for  second  order  equations  and  fill  some  gaps  in  the  theory  of 
Volterra  integral  equations.  Also  an  example  is  given  of  a fourth  order  linear 
equation  for  ^ich  certain  conjugate  point  functions  are  discontinuous.  This 
fact  is  intimately  connected  with  some  lower  order  bifurcation  phenomena 
associated  with  fourth  order  equations. 
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